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CONVERGENCE OF RIEMANNIAN SURFACES AND CONVERGENCE 

OF THE BERGMAN KERNEL 

BO-YONG CHEN 


Abstract. Let { Mj } be a sequence of complete Riemannian surfaces which converges 
in the sense of Cheeger-Gromov to a complete Riemannian surface M. We study the 
convergence of the Bergman kernel Kmj of Mj by using isoperimetric inequalities. 

Keywords: Cheeger-Gromov convergence, Bergman kernel, isoperimetric inequality. 


1. Introduction 

Let M be an orientable surface, i.e., an orientable differentiable 2—manifold. By means 
of patching up together local metrics through a partition of unity, we see that M admits 
many Riemannian metrics. Let 

ds 2 = E(x , y)dx 2 + 2 F(x, y)dxdy + G(x , y)dy 2 

where EG — F 2 > 0, E > 0, be a (smooth) Riemannian metric defined in local coordinates 
(x. y) of M. By isothermal parameters we mean local coordinates (£, £) with £ = £(x, y), £ = 
C(x,y), such that 

ds 2 = \(ZXm 2 +d( 2 ), A(£,C)>0. 

Such isothermal parameters are known to exist by the famous Korn-Lichtenstein theorem, 
which goes back to Gauss. With respect to local coordinates z = £ + (i. M becomes a 
complex manifold. This observation is significant since the complex structure of a given 
surface is often unknown, whereas the Riemannian metric can be analyzed by means from 
Riemannian geometry. 

In this paper, we attempt to understand stability properties of complex analytic objects 
for a sequence of Riemannian surfaces which converges in the following sense: 

Definition 1.1 (cf. [21], see also [23], [39]). A sequence {(Mj, ds 2 )} of complete Riemann¬ 
ian manifolds is said to converge in the sense of Cheeger-Gromov to a complete Riemannian 
manifold (M, ds 2 ) if there exist 

(1) a sequence of points pj € Mj and a point p € M; 

(2) a sequence of precompact open sets f lj C M exhausting M, with p € % for each j; 

(3) a sequence of smooth maps (fj : Clj —» Mj which are diffeomorphic onto their image 
and satisfy 4>j(p) = Pj; 

such that cjf-(ds 2 ) —» ds 2 in the sense that for all compact subsets E C M, the tensor 
(jfj(ds 2 ) — ds 2 and its covariant derivatives of all orders (with respect to any fixed background 
connection) converge uniformly to zero on E. 

More precisely, we are interested in the following 
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Problem 1. Let {( Mj,ds 2 )} be a sequence of complete Riemannian surfaces which con¬ 
verges in the sense of Cheeger-Gromov to a complete Riemannian surface ( M,ds 2 ). Let 
K\f . (resp. Km) be the Bergman kernel of Mj (resp. M), with respect to the corresponding 
complex structure. When does Km :i converge to Km in the sense that for all compact sets 
E C M, the tensors (p* (ARf, ) — Km and their covariant derivatives of all orders (with 
respect to any fixed background connection) converge uniformly to zero on E? 


Here the Bergman kernel is the reproducing kernel of the Hilbert space of square- 
integrable holomorphic differentials, which is a classical conformal invariant. Since there 
are plenty of convergent sequence of Riemannian surfaces whose Bergman kernels do not 
converge (see §10, Remark 1), so we have to find reasonable sufficient conditions. A popular 
global property in geometric analysis is so-called isoperimetric inequalities which we recall 
as follows. Let M be a noncompact complete Riemannian manifold. For each 1 < v < oo, 
the ^—dimensional isoperimetric constant I U (M) of M is defined by 

J„(M) = inf 


where the infimum is taken over all precompact domains fi C M with smooth boundaries, 
and | • | stands for the volume. If I V (M) > 0, then M satisfies isoperimetric inequalities 
> /„(M)|hl| 1-1 / 1 ' for all fi. In case that M is compact, we have to adjust the definition 
of I U (M ) as follows 


I V (M) = inf ■ 


\S\ 


min{|fii| 1-1 / 1 ', |fR1 1 1 / l/ } 
where the infimum is taken over all compact smooth hypersurface S of M that divide M 
into two disjoint open subsets rR,fR of M. The number I ao (M) is also called Cheeger’s 
constant in the literature. 

Our main result is stated as follows. 


Theorem 1.1. Let {(Mj,ds 2 )} be a sequence of complete Riemannian surfaces which con¬ 
verges in the sense of Cheeger-Gromov to a noncompact complete Riemannian surface 
(M,ds 2 ). Suppose one of the following conditions is verified: 

(1) infj Ioo(Mj) > 0, where Mj can be compact or noncompact. 

(2) infj I u (Mj) > 0 for some 2 < v < 00 , where Mj is noncompact. 

(3) infj L 2 (Mj)\Mj\~ 1 / 2 > 0, where Mj is compact. 

Then Km.j converges to Km- 

Remark. The case when M is compact is not very interesting since Mj would be diffeo- 
morphic onto M for all sufficiently large j. Thus the classical theory on deformation of 
complex structures applies (compare [30] h 

The idea of using the length-area method goes back to Beurling and Ahlfors, which plays 
an important role in the study of complex analysis on noncompact Riemannian surfaces 
(see e.g., [2], Chapter IV). 

Condition (1) or (3) of Theorem ll.ll can be replaced by the weaker condition infj Ai (Mj) > 
0, where Ai is the infimum of the spectrum of the Laplacian. However, condition (2) does 
not yield infj Ai (Mj) > 0. Thus it is reasonable to consider the case when Ai (Mj) degen¬ 
erates, even the convergence of Riemannian surfaces is quite special. 

Theorem 1.2. Let {(Mj, ds 2 )} be a sequence of complete Riemannian surfaces and (M, ds 2 ) 
a complete Riemannian surface. Suppose that there exists a sequence of geodesic balls 
B Rj (p) in M with p fixed and Rj —> 00 , such that 
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(1) B r .{jp) C Mj for all j; 

(2) ds 2 = ds 2 on B Rj (p); 

(3) infj Xi(Mj)R 2 > 0. 
Then Km.-, converges to Km- 


When M is a Z covering of a compact Riemannian surface with genus > 2, we may con¬ 
struct a sequence {Mj} of compact Riemannian surfaces which converges to M as Theorem 
O whereas Theorem o does not apply (see §10, Remark 6). 

The paper is organized as follows. In §2 we recall necessary background from geometric 
analysis. In §3 we review basic properties of isoperimetric inequalities. In §4 we estimate 
the Green function by using isoperimetric inequalities. Sections 5,6,7,8 are devoted to the 
proof of Theorem ll.il In §9 we prove Theorem ll.2l In §10 we present a number of remarks. 

2. Basic facts from geometric analysis 
Let ds 2 = gijdx l dxi be a Riemannian metric on M. The Laplace operator is defined by 


A = a- 1 / 2 


0 

dx l 


g'V 


a 

dxi 


du f 

V-— — / VtiVu 


where (g lJ ) = ( gij ) 1 and g = det (g t j ). The gradient V acts on a function u by 

Green’s formula asserts that for any precompact domain !! C M with a C 1 —smooth bound¬ 
ary, 

/ vAu = 

Jn Jan <Jn Jn 

for all u,v € C 2 {Tl) n C' 1 (fl), where n denotes the outward unit normal vector held on <9fL 
The heat kernel p(t, x, y ) of M is the smallest positive fundamental solution to the heat 
equation 

du/dt = A u. 

More precisely, it is given by 

P(t,x,y) = I™ Pj(t,x,y) 

j->oo 

where pj(t,x,y ) is the Green function for the Dirichlet problem for the heat equation on 
the precompact open subset Qj, j = 1, 2, • • ■ , which exhausts M (see e.g. m)- Some basic 
properties are as follows. 

(1) p(t,x,y) = p(t, y, x). 

(2) p(t , -,y) -A 5 y as t —» 0+, where 5 y denotes the Dirac distribution. 

(3) The semigroup property: for all t, s > 0 and x, y € M, 


p(t + s,x,y)= p(t,x, z)p(s, y, z)dV z . 
JM 


( 4 ) J M p( t h x ,y)dVy < 1. 

A positive increasing function k on (0, oo) is called regular if there are numbers A > 1 
and f3 > 1 such that 

«(£«) / „«(/?*) 


< A- 


n(t) 


( 2 . 1 ) 


K(S 


V 0 < s < t. 
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Grigor’yan made a deep observation that off-diagonal estimates of the heat kernel may be 
deduced from (easier) on-diagonal estimates as follows. 


Theorem 2.1 (cf. [T8j). Let x,y be two points in M such that for all t > 0 

p(t,x,x ) < 1/ki (t), p(t,y,y) < l/n 2 (t) 
where k±,k 2 are two regular functions. Then for any number a < 1 and all t > 0 


( 2 . 2 ) 


p(t,x,y) < 


4 A 


: exp 


ad 2 (x, y) 


y /ki (6t)K 2 (6t) 

where 5 = 5(f3,a) and A,/3 are the constants from \2.1\) . 


At 


Finally, let M be a Riemannian n— manifold with Ricci curvature > — (n — 1 )b 2 where 
b > 0. Let B r (x) denote the geodesic ball with center x and radius r. Suppose B r (x) C M. 
Then we have 

(1) Harnack’s inequality (cf. [36]): For any positive harmonic function u on B r [x), 

(2.3) sup u < e ™^ n {i+br) inf u 

B r/2 {x) B r/2 (x) 

(2) The sub-mean-value inequality (cf. [32j): For any positive subharmonic function u 
on B r (x), 

(2.4) sup u 2 < e consU(1+6r) |R r (x)|~ 1 f u 2 . 

B r / 2 (x) J B r (x) 

For further knowledge on geometric analysis, one may consult the book of Schoen-Yau 
[36] and survey articles of Grigor’yan m, m- 


3. ISOPERIMETRIC INEQUALITIES 

We follow closely the books of Chavel 0, 0. Let M be a noncompact complete Rie¬ 
mannian n— manifold. Let T denote the set of precompact domains in M with smooth 
boundaries. For each 1 < v < oo, the ^—dimensional isoperimetric constant I V (M) of M 
is defined by 

I„(M) = m^lSSdl/IQI 1 - 1 ^. 

Similarly, we may define for each v > 1 the ^—dimensional Sobolev constant 

(3.1) S4M) = M{\\Vu\\ 1 /\\u\\ W{u _ 1) :ueC?(M)} 

where Cf D (M) denotes the set of smooth functions with compact supports in M and || • || p 
stands for the standard L p — norm. The famous Federer-Fleming-Maz’ya inequality yields 

(3.2) J„(M) = S„(M) 

for all v € (l,oo]. For each <f € Cq°(M), we put u = |0| 2 ( 1/-1 )/( I,_2 ) for some v > 2. 
By (13.11) . (13.21) and the Cauchy-Schwarz inequality, we immediately get the following L 2 
Sobolev inequality 

(3-3) l|V0|| 2 > ^^h{M)\\cj>\\ 2v/{v - 2 y 

Thanks to the Holder inequality, we have 
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and 

[ [ 0 4 /(^+ 4 ) • ^+ 4 )/(-+ 4 ) < ( [ ( [ ^+ 4 /, 

J M JM ) \Jm 

Together with (13.31) . we obtain Nash’s inequality 

(3.4) U\\l + * /u < (^1) I^M)) IIWII 2 ' Mi”, Vi/ > 2. 

A central property of I u is that it behaves well under rough isometries. Following Kanai 
122], we call a map <h : M\ —>• M -2 between two Riemannian manifolds M\ and M -2 a rough 
isometry if there are constants a > 1 and b > 0 such that 

a~ 1 d 1 (x,y) - b < d 2 ($(x), $(y)) < adi(x,y) + b 

for all x, y € M±, and is r—full for some r > 0, i.e., 

U B r ($(x)) = M 2 . 

xGMi 

A complete Riemannian manifold M has bounded geometry if the Ricci curvature is bounded 
below by a constant, and the injectivity radius inj(M) of M is positive. 


\ *'/( i '+ 4 ) 


Theorem 3.1 (cf. |27]). Let Mi, M 2 be complete Riemannian manifolds with bounded 
geometries such that they are roughly isometric to each other. Let 


v > max {dim M \, dim A/ 2 }. 
Then I u (Mi) > 0 if and only if I u (M 2 ) > 0. 


Below we collect some examples concerning positive isoperimetric constants (cf. [T9] , 
§7): 

(1) Any Cartan-Hadamard n —manifold has I n (M ) > 0. 

(2) Any Cartan-Hadamard manifold M with sectional curvature < — b 2 (b > 0) has 
Ioo{M) > 0. 

(3) Any n—dimensional minimal submanifold M in has I n (M) > 0. Note that any 
complex submanifold in C n is minimal. 

A useful isoperimetric inequality is given by Coulhon and Saloff-Coste (cf. [T2], Theorem 
4, see also EQ3, Theorem 11.3) as follows. Let M be a noncompact regular covering of a 
compact manifold Mq. Put 

V(r) := \B r (x 0 )\, 

where xq is some (fixed) point in M. For some (large) constant C > 0, the isoperimetric 
inequality 


(3.5) 


\an\ > 


CV~ 1 (C\Ll\) 


holds for all precompact domains !1 C M with smooth boundaries and |Q| > const. > 0. 
Here V is the inverse function of V. In particular, any Z m (m > 2) covering of a compact 
Riemannian manifold has I m > 0. 

There is also a beautiful example from hyperbolic geometry. Let 1" be the hyperbolic 
space. A hyperbolic manifold is given by M = HI n /T where T is a free, discrete group of 
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hyperbolic isometries. The critical exponent <5(T) of Poincare series is defined by 

5(r) = inf <|s > 0 : exp(— sd(x, cr{y))) < oo j- 

for sonre/any x,y € H n , where d denotes the hyperbolic distance. It is well-known that 
<5(r) < n — 1. Let Ai(M) be the fundamental tone of M, i.e., the infimum of the spectrum 
of —A. The quantities /^(M), Ai(M) and d(T) are related through the following 

(1) Cheeger’s inequality (cf. [lOJ ): Ai(M) > I 00 (M) 2 /4 (actually holds arbitrary com¬ 
plete manifolds); 

(2) Sullivan’s theorem (cf. [37]): Ai(M) = (n — l) 2 /4 if d(T) < (n— l)/2, and Xi(M) = 
5(T)(n — 1 — d(T)) otherwise; 

(3) Buser’s inequality (cf. [5]): \i(M) < const n I 00 (M) (actually holds for arbitrary 
noncompact complete manifolds with Ricci curvature > — 1). 

It follows immediately that 


(3.6) 


<5(T) < n - 1 


loo(M) > 0. 


In particular, most hyperbolic Riemannian surfaces have /^(M) > 0. 

Based on Theorem I3J1 and the examples above, we may construct many complete Rie¬ 
mannian surfaces with I u > 0 for some v > 2. For instance, a 2—dimensional jungle gym 
in M n (n > 2) has I n > 0, whereas a 2—dimensional jungle gym in a Cartan-Hadamard 
manifold with sectional curvature < — b 2 ( b > 0) has I 00 > 0. 

4. Estimates of the Green function 

Let M be a noncompact complete Riemannian n— manifold. Let 11 C M be an open set 
and U be a precompact open set in H. The capacity cap(C7,17) is defined as follows 


cap(17, fl) = inf / \Vcf>\ 2 

Jn 

where the infimum is taken over all locally Lipschitz functions on M with compact supports 
in fl such that 0 < </> < 1 and cj)\jj = 1. Let go, denote the (positive) Green function of fl. 
There is a useful link between the capacity and the Green function as follows 


(4.1) 


inf5n(',y) < cap([/,J7) <sup0n(-,y), Vy€C/ 

dU Qjj 


(cf. [20], Proposition 4.1). 

Now fix o £ M and let Br := Br(o) with R > 1. Put 


£jl := min < inf inj(M, x), 1/2 

where inj (M,x) denotes the injectivity radius at x. We give first a rough lower bound for 
the Green function gM of M as follows. 

Proposition 4.1. Suppose Ricci(M) > — (n — 1 )b 2 (b > 0) on Br + \. Then 
(4.2) gM(x,o) > i|R/ ?+ i|” 1 exp{-const n (l + 6e R )e^ n |R j R + i|}. 

O 

for all x € Br. 


CONVERGENCE OF RIEMANNIAN SURFACES AND CONVERGENCE OF THE BERGMAN KERNEL 7 


Proof. Take ,x m } C 8Br such that B 1 (xi),--- ,B 1 ( x m ) do not overlap and 

2 2 ^R 

B Er (x i), • • • , B ER (x m ) cover 8Br. By a well-known theorem of Croke [13] we have 


B f £R {xk) 


> COnst n Sr 


for all k. Thus 


\Br+i \ > > mconst n c^, 


i.e., 


m < (const n s'r) 1 \B r+ i|. 

Since g BR+1 (-,o) is harmonic on Br + i\{o}, it follows from Harnack’s inequality ()2.3p that 
sup g BR+ 1 (', o) < e const -( 1 + b£ fl) inf 9Br+1 (-, o) 

B SR {x k ) B SR (x k ) 

for all k. Since B Er {x i), • • • , B ER (x m ) cover OBr, so we have 

sup9Ba«C») < e constn(1+bER ) m inf gB R+1 (.-,o) 

8B R 9B r 


(4.3) 


< e const„(l+fe fl ) £ ^|S fl+1 | inf 5Bfl+i (., 0 ). 

9B r 


By virtue of Theorem 7.1 in [20], we have 

cap(B R , Br+x)- 1 


> 

1 

rR +1 

(t - 

- R)dt 


2 

Jr 

Bt\ 

- \ b r\ 

> 

1 

rR +1 

(*■ 

- R)dt 


2 

Jr+ 1/2 

l^tl 

~ \Br\ 

> 

1 

8 

\Br+i[ 

-l 



Together with (14.11) and ()4.3I) . we get 

inf 9 m{',o) > inf g BR+1 (-,°) > - I^r+iI" 1 exp{-const n (1 + bs R ) e^ n |B R+ i|}. 
aSij 9B r 8 

The assertion follows immediately from the maximal principle. 


□ 


In what follows in this section we always assume that M is a noncompact complete 
Riemannian manifold with I U (M ) > 0 for some 2 < v < oo. We have the following 
(probably optimal) upper bound for the Green function. 

Proposition 4.2 (cf. [S|). We have 

(4.4) 9m (x, y ) < constn I u (M) u d(x, y) 2 ~ v 

for all x, y € M. 


In order to make the paper self-contained, we include the proof here. The key point is 
to obtain the following Gaussian upper bound for the heat kernel. 

Theorem 4.3 (cf. [9] or BSD- For any a < 1, 

(4.5) p(t, x , y) < const VjQ I u (M) u t~ u/2 exp ^~ ad 


for all x,y € M and t > 0. 
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Let us first observe how to derive (14.41) from (14.51) . Indeed, 


9m(x, y) = 


< 


roo roo 

/ p(t, x, y)dt < const,, I U (M) U / t~ v ^ 2 exp 

Jo Jo 


51 J 


constj , I u (M) u d(x,y) 2 " 



exp 



dt. 


In order to verify (14.51 ) . we need an on-diagonal upper bound for the heat kernel which 
goes back to Nash (see [T9], §6.1). By a standard exhaustion argument, it suffices to 
work on a precompact open set 9 C M with a smooth boundary. Fix y E 14 and put 
u(t,x) := pn(t, x, y) and 


Note that 


II 

-+o 

/ u 2 (t,x)dV x . 


Jn 

= 2 uut 

= 2 uAu = —2 / Vu| 

Jn 

Jn Jn 

< —constj 

I u (M)- 2 \\u\\l +A/v \\u\\f A/v 


in view of Nash’s inequality (13.4p . Since ||it||i = \\pn(t, -,y)||i < 1, we have 


J' < —constj I U (M) 2 j 1 + 2 /^ ; 


so that 

J(t ) < const u I v (M) u t~ u ^ 2 , 

for J(0+) = oo. By the semigroup property, we obtain 


Pn{t,y,y) = j(t/ 2) < const v I v {M) v t v/2 =: 1 /n v (t). 


For all 0 < s < t, we have 


k u (2s) _ n v (2t) 
k v {s) K u {t) 


so that k u is regular with A = 1 and (3 = 2. It follows from Theorem 12.11 that for any 
number a < 1, 


P(t,x,y) 


< 


4 

K v (S a t) 


exp 


ad 2 (x,y) \ 

4 1 J 


holds for suitable constant 5 a > 0, from which inequality (14.51) immediately follows. 


Remark. (1) There are no analogous upper bounds for gM when Ioo(M) > 0 (consider 
the punctured disc with the Poincare metric). 

(2) It is interesting to note that Blocki used the classical isoperimetric inequality in C 
(i.e., / 2 (C) > 0 ) to show that 


log|{yn(-,y) > t}\ +2t 

is non-increasing in t G [0, 00 ) for any y € 12 C C (see e.g., [3j, Theorem 10.1). 
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5. Effective convergence of the Bergman kernel 


Let (Af, (is 2 ) be a noncompact complete Riemannian surface. Let Ai(Af) be the infimum 
of the spectrum of —A, i.e., 

Im M/I 2 


Ai(M) = inf 


: / € C 0 °°(Af)\{0} 


Im i/i 2 

Now view ( M,ds 2 ) as a complex manifold with cis 2 given by A dw dw in local holomorphic 
coordinates. The complex Laplace operator is defined by 


□ = A 


-l 


8 2 _ 1 

dwd'w 4 


Let Cq° (Af, C) denote the set of complex-valued smooth functions on Af with compact 
supports. We begin with an elementary remark. 


Lemma 5.1. 

(5.1) 


Ai(Af) = 4 inf 


f \df\ 2 

JmI : f€CS°(M, C)\{0} 


Im l/h 


Proof. For all / G Cq°(M,C), we have 
r 

|2 


, IW = ^4 

(M z . 


f d fAdf = -^Q 

M ^ . 


f fddf = ^ 

M ^ . 


5/ A 5/ = / |<9/| 2 , 


'Af 


/Af 


so that 


Ai(Af) / |/| 2 < [ \dff 

JM JM 


<2 / |<9/| 2 + 2 / |<9/| 2 = 4 / |d/| 5 


/M 


IM 


IM 


On the other side, we may choose a sequence fj G Cq°(M, M)\{0} such that 


Im ''f, 2 

JmI/# 


Ai(Af). 


Since fj is real-valued, so we have \dfj\ 2 = 4|<9/j| 2 and 

|2 

-A Ai(Af). 


I Im |d/?i 

ImW 


□ 


Proposition 5.2. Suppose Ai(Af) > 0. Then for each (1,1 )—form v with ||u ||2 < oo, there 
exists a solution u of the equation 8u = v such that 

2 

It 2 < 7 U h- 

A(M) 

Proof. Let D(^ pq )(M) denote the set of smooth (p, q)— forms with compact supports in Af. 
We introduce the following inner product 


(/i,/ 2 ) = / ■ 

JM 


= / dV w 

for all f\ = cfidw A dw, f '2 = fodw Adw G 11(1,1) (Af), where (iV/j = ^^-dw Adw. Let 5* be 
the formal adjoint of 8. For any u = ifdw G H( 1 ,o)(Af) and / = fdw A dw G H(i,i)(Af), we 
have 

8 


IM 8w‘ 


(f,du) = - I <j>^:^ l dv w = I ^(A - L <i>)4>dv w 


IM 
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SO that 

B * f = ^ X ~ lB)dW - 

Since / := A ~ 1 (J) € Cq°(M, C), it follows that d* f = df and 



in view of m- The remaining argument is standard (see e.g., [23], p. 249). Given 
v € 1 ^(M, C), the linear functional 


Ranged* —> C, d*f i-> (f,v) 

is well-defined and bounded by 2 Ai(M)~ 1 / 2 ||v|| 2 in view of (15.21) . Thus by Hahn-Banach’s 
theorem and the Riesz representation theorem, there is a unique u G L 2 X (M, C) such that 


(d*f,u) = (f,v) 


for all / G i.e., du 


v holds in the sense of distributions, such that 


/ 

JM 


id 2 < 


4 

Ai(M) 



□ 


Let 'H(M) denote the Hilbert space of holomorphic differentials h on M satisfying 

IHli : = [ h Ah < oo. 

Let be a complete orthonormal basis of %{M). The Bergman kernel Km of M is 

given by 

Km(z) = ^2 hj( z ) A hj(z), V z G M. 

3 

Proposition 5.3. Let M be as the proposition above. Let p denote the distance from some 
fixed point o G M. Let Km and Kb r denote the Bergman kernel of M and the geodesic 
ball B r := Br(o ) respectively. For each compact set E C M with o € E, we have 

(5.3) sup | Km(z) — Kr r {z)\ < const. (Ai{M)^ l ^ 2 R^ 1 + Ai(M)^ 1 /? -2 ) 

zeE A J 

for all R > 2(diam E + 1), where the constant depends only on mi x& E\B\{x)\ and the 
infimum of the Gaussian curvature of ds 2 on E\ := {z G M : dist ( z,E ) < 1}. 


Proof. Let % : M — >• [0,1] be a smooth function satisfying x|(_oo,i/ 2 ) = 1 an d xl(i,oo) = 0- 
Fix R > 2(diami? + 1) for a moment. Let h be a holomorphic differential on Br with 
\\h\\ 2 < 1. Put 

v = d X (p/R) A h. 

By virtue of Proposition 15.21 there is a solution of du = v on M which satisfies 


(5.4) 




< 


4 sup lx'| 2 
Ai(M) R 2 


Since E\ c B R / 2 , we see that u is holomorphic on E\. for v = 0 holds on Br/ 2 . Write 


u = <fdw and ds 2 


\dw dw 
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in local holomorphic coordinates. Then we have 

logM 2 = log I (j )\ 2 - log A, 


so that 

A log \u\ 2 = 4Dlog \u\ 2 > ^ ^ > —2b 2 

A owow 

holds on E\, where — b 2 (b > 0) denotes the infimum of the Gaussian curvature of ds 2 on 
Ei. It follows immediately that 

u(t, z) := b 2 t 2 + log \u\ 2 

is subharmonic with respect to the metric dt 2 + ds 2 on M x Ei, so is e“/ 2 . Applying the 
sub-mean-value inequality (12.411 to e“/ 2 , we obtain that for any z £ E, 


u\ 2 {z) = e^ 0 ^ 


< 

e C 0 (l+6)| 

Hi(0,z)| -1 

/ 

e“ 




f 1 e b2t2 dt- 

JBi{0,z) 



< 

e C 0 (l+6) 

\Bi(z)\ 

-*/ 

\u\ 2 



Jo 


JBi{z) 


< 

e Co(l+6) 

C e bH2 dt- 

Jo 

\Bx{z)\ 

-1 ^ 

Ai (M) 

sup lx 1 

R 2 

< 

CXi(M) 

~ l R~ 2 





in view of (15.41) . Here Co is a universal constant and C is a generic constant depending 
only on b, and inf xe e |-Bi(a;)|. 

Put h := x(p/R)h — u. Clearly, h is a holomorphic differential on M which satisfies 


ll '‘ ll2 - 1+ 7insy 8 " 1>lx ' Mi " 1 


and 

h{z) A h(z) — h(z) A h(z) 
for all z £ E. It follows that 


u(z )| 2 < C’Ai(M) -1 R~ 2 


y/^lK M {z) > y /-[> V^h(z) A h(z) - CXi(M) 1 R 2 u 


(1 + C'Ai(M)- 1 / 2 R - 1 ) 2 
where u denotes the Kabler form of ds 2 . Since h can be arbitrarily chosen, we have 

> -CXi(M)- 1 R~ 2 u. 


(5.5) 


V— 1K m (z) - 


V-1Kb r (z) 


(1 + C'Ai(M) -1 / 2 R- 1 ) 2 


Let zq £ E be fixed for a moment. We may choose a holomorphic differential ho on M 
with unit L 2 — norm, such that 


Kb r (zo) = h Q (z 0 ) A h 0 (z 0 ). 

Applying (12.41) to \ho\ 2 in a similar way as above, we obtain \Kb r (zq)\ < C. Together with 
(E3|), we get 


V^IKm(zo) - V^1K Br (z 0 ) > -CiXi(M)- 1 / 2 RT 1 + Xi(M)~ l R~ 2 )u. 
Since y/—lK m(z) < \/—1Kb r (z) holds trivially, so we conclude the proof. 


□ 
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Note that X\(M) = 0 holds for any compact Riemannian manifold. Thus we have to 
adjust the definition of Ai(M) as follows 

A 1 (M)=inf^Jj^ 

JM 

where the infimum is taken over all C 00 —smooth real-valued functions / on M such that 
J M / = 0. Similar as (15.11) . we can verify that 

A 1 (M)=4infi^f 

JM 

where the infimum is taken over all C 00 —smooth complex-valued functions / on M such 
that f M f = 0. 


Proposition 5.4. Let M be a compact Riemannian surface with Ai(M) > 0. Let p denote 
the distance from some fixed point o € M. Let E be a compact subset in M with o € E. 
We have 

(5.6) sup \Km (z) — Kb r (z) I < const. (Ai R~ l + Ai 

zeE A J 


for all R > 2(diam E + 1), where the constant depends only on inf xe E\Bi(x)\ and the 
infimum of the Gaussian curvature of ds 2 on E\ := {z € M : dist ( z,E ) < 1}. 

Proof. Let Hf v ^ (M) denote the space of L 2 harmonic (p, q)— forms on M. Clearly, ^ (M) 
coincides with the Bergman space Now we determine H 2 ^ M ). Since 

d*f = df 

where / = (fdwAdw € and / = A - V € C), we see that /o := XdwAdw € 

H?\ for <9*/o = dfo = 0. On the other hand, it follows from the Serre Duality 

Theorem that H 2 X ^(M) ±2 H 2 00 ^(M) ±2 C. Thus H 2 { ^(Af) = C • /o- Now suppose 
/ = 4>dw A dw € i.e., (f,fo) = = 0. It follows that 

/ = A _1 </> € C°°(M , C) and / M / = 0, so that 

i.e., 

"/IB s My'Ml'l 

The Hodge Decomposition Theorem asserts that 


C ( ~ 0) (M)=H(M)©a*C ( - 1) (M). 

Thus for any u € W(M) i nC“ 0 j(M) we may write u = 3* f for some / € With¬ 

out loss of generality, we may choose / such that it is orthogonal to Ker<9* = H 2 } M ). 
It follows that 


(u,u) = ( u,d* f) = ( du,f) < \\du\\ 2 


2 < 


VMM) 


HMklMk, 


i.e., 



4 

Ai(Af) 


|| du 


2 

2- 
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Let p, x , h be as above. Replacing p by a smoothing of it, we may assume, without loss 
of generality, that it is C°° on M and \dp\ < 2. Then we have the following orthogonal 
decomposition 

x(p/R)h = h®u 

where h € R{M) and u € R(M) 1 - n C?f 0 JM). Clearly, we have 

Bu = dx(p/R) A h =: v 


and 


\u\ 


z < 
2 A 


Ai(M)" n/ ' 

The remaining argument is essentially similar as Proposition 15.31 


□ 


Corollary 5.5. Let M be a complete Riemannian surface. 

(1) If I oo{M) > 0 where M can be compact or noncompact, then 

(5.7) sup | K m {z) - K Br (z) | < C (JoolM)- 1 ^ 1 + I^M^RT 2 ) . 

z&E 

(2) // M is compact, then 

(5.8) sup I K M (z) - K Br (z)\ < C ■ 

.Here Hie constants are the same as the propositions above. 


Proof. Inequality ()5.7f) follows from Proposition l5.3l Proposition l5.4l and Cheeger’s inequal¬ 
ity 

Ai(M) > ^Ioo(M ) 2 


(see [10]). Inequality (I5.8ji follows from Proposition 15.41 and P. Li’s estimate 

I 2 (M ) 2 


Ai(M) >C 0 


\M\ 


where Co is a universal constant (see m, Proposition 3). 


□ 


Proposition 5.6. Let M be a noncompact complete Riemannian surface with I U (M ) > 0 
for some 2 < v < oo. Let o G M be fixed and let Br = Br(o). For any compact subset 
E C M with o G E, we have 

(5.9) sup \K m (z) - K Br {z)\ < Ci| log R| _1 

z&E 

for all R > C 2 , where the constants C \, C *2 depend only on n, I U (M), diarnE) inf^g^; |Hi(x)|, 

I T?2+diam e I > infa;gB 2+diam e (AT, x) and the infimum of the Gaussian curvature of ds 2 on 

T?2+diam E ■ 


Proof. Let p, x, h be as above. Put 

« = X (— log log(gM(-, o) + 1) + log log {C v R 2 ~ v + 1) + l) 
where C u = const u is the constant from (|4.4I) . Note that 

supp k C {g M (-,o) > C u R 2 ~ u } C Br 

in view of (14.41) . Since 

-iddlogg M (-,o) > id\ogg M (-,o) A <9 log g M (-,o) 
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holds on M\{o}, we infer from the L 2 estimate of Donnelly-Fefferman (see m , m, 0 ) 
that there exists a solution of the equation 

du = d(n h) 

such that 

C 1 ”' 2 s 

< const I/)7i/(M )|log R\~ 2 

where Co is a universal constant. On the other side, since gui'^ o) > C 3 > 0 on -Bi+di am f 
in view of (14.21) . so we have 

{k = 1} D { g M (;o ) > (C u R 2 ~ u + l) eV2 - l} D £i +diam £ 

provided 1? > C 4 , where C 3 ,C 4 depend only on diam E, inf x . e B 2+diam£ , inj (M,x), 

I ^ 2 +diam E | and the infimum of the Gaussian curvature of ds 2 on L> 2 +diamE- Thus u is holo- 
morphic on -Bi+diamE (note that o is a removable singularity) and the remaining argument 
is similar as above. 

□ 


6 . Convergence of Riemannian surfaces and convergence of complex 

STRUCTURES 

Let M be an orientable surface. Let {ds 2 } be a sequence of Riemannian metrics on M, 
which converges to a Riemannian metric ds 2 on M in the following sense: for each compact 
subset E C M the tensor ds 2 — ds 2 and its covariant derivatives of all orders (with respect 
to ds 2 ) converge uniformly to zero on E. 

Proposition 6.1. There exist a locally finite cover {U a } of M and holomorphic coordinates 
(resp. w( a )) with respect to ds 2 (resp. ds 2 ) on U a such that w? — w a and its covariant 
derivatives of all order (with respect to ds 2 ) converge uniformly to zero on EC\U a for any 
compact subset E C M. 

We believe that this result is essentially known (compare (TJ). For the sake of complete¬ 
ness, we will give a proof which relies upon the theory of elliptic operators of second order. 
The key ingredient is the Lax-Milgram theorem which we recall as follows. A bilinear form 
B on a Hilbert space H is called bounded if 

|B(rt,u)| < const.||zt|| ||u||, Vn,r € H 

and coercive if 

B(n, u) > const.||n|| 2 , Mu&H. 

Theorem 6.2 (Lax-Milgram, cf. [17] . Theorem 5.8). Let B be a bounded, coercive bilinear 
form on a Hilbert space H. For any bounded linear functional on H, there exists a unique 
element v = u<j> € H such that 

B(tt, v) = <h(rt), Vu € H. 

We begin with the classical Korn-Lichtenstein procedure (see, e.g., [26], §3.11). Let ds 2 
be given in local coordinates by 

ds 2 = Ej(x , y)dx 2 -(- 2 Fj(x, y)dxdy + Gj(x, y)dy 2 
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where EjGj — F 2 > 0, Ej > 0. For abuse of notations, we denote d-s 2 by ds^. By 
introducing complex coordinates z = x + iy,z = x — iy, we can write ds 2 - in the form 


a 


'j(z)\dz + Hj(z)dz 


-|2 


where 


(7; = 


Ej + G 


E ~2\JEj Gj — F 2 , 


Ej - Gj F 
dj = ~. -"+* 


4(7,- 


2a j 


If there is a smooth solution Wj of the following Beltrami equation 


( 6 . 1 ) 

such that 


dw 


dw 


dz N dz 


dvj duj 


duj dvj , 

3 J + 0 


dx dy dx dy 

where Wj = Vj + iuj , then the metric has the form 


( 6 . 2 ) 


d s j — 


o-j 


\dwj/dz\ 2 


dwj dwj, 


so that if (U a . 'Xj 0> ) and (Up, w'p) are two coordinate patches with U a C\Up ^ 0, then 


dwj^ /dw^ =0 on U a n Up, 

i.e., M admits a complex structure given by {(U a ,w^)}, where { U a } is a suitable cover of 
M. The point is that we can make the cover independent of j, in view of the convergence 


of ds 2 . 


With Wj = Vj + iuj , m becomes 
dvj 


dlli 


(6.3) 


dx 


dvj _ 


EjGj — F 2 dx 


+ 


E, 


dv,j 


G, 


duj 


dy 


EjGj - Fj dx 


+ 


Efij - Fj 

F j 9u i 

EjGj - Fj a y 


By using d 2 Vj/dxdy = d 2 Vj/dydx, we derive that Uj satisfies the following equation 


(6.4) 

where 

and 


•j 

t 7 9 2 u j d 2 u j d 2 u 7 jdu j du 

L ‘ U := W - 2 “ 1 ^ M g~ x + = 0 


°11 = 


Gj 


EjGj - Fj 


°12 = 


Fj 


E, 


EjGj - Fj 


& 99 — 


? u 22 


E,Gj - Fj 


°11 _ a 12 a _ a 22 
71 - dx Q -’ 2 “ 


6 ? = 


12 


dy' 2 dy dx 

To solve m, it suffices to find a smooth solution Uj of the second-order elliptic dif¬ 
ferential equation (16.411 in some (simply-connected) neighborhood of an arbitrary point zq 
whose derivatives of order one at zq do not vanish, for Vj may be determined by (J6.3D such 
that 


dvj duj 


duj dvj 


1 


dx dy dx dy 


EjGj - F 2 


Gj 


duj_ 

dx 


-2 F. 


duj duj 
dx dy 


+ Ej 


du i\ 

dy J 


> 0 
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holds at Zq. 

By an affine change of coordinates (which is uniform in j ), we may assume that zq = 0 
and 

a n( 0 ) = a 22(0) = 1 ) a i2(0) = 0 . 

Let A r denote the disc in M 2 with center 0 and radius r. Fix r > 0 for a moment. Let 
C , Q°(A r ) denote the set of real-valued smooth functions with compact supports in A r and 
L 2 { A r ) be the completion of Cq > (A 1 .) with respect to the L 2 —norm || ■ [|2 in the Lebesgue 
measure of M 2 . We may also define Sobolev spaces W k ’ 2 and Wq' 2 by standard ways. 

Recall that the first eigenvalue Ai(A r ) with respect to —d 2 /dx 2 — d 2 /dy 2 equals cr~ 2 
for some numerical constant c > 0 , so that 

j|Vu || 2 > cW 2 ||u|| 2 , Vue W 0 1 , 2 (A r ) 

We introduce a bilinear form B j for the Hilbert space W"o’ 2 (A r ) as follows 
B j{u,v) = {a^Ux.Vx) - 2(a{ 2 u x ,v y ) + (a J 22 u y ,v y ) 

-((b{ - da 3 u /dx + 2 da{ 2 /dy)u x ,v) - ((&£ - da 3 22 /dy)u y ,v). 

Clearly, we have 

(— LjU,u ) = (B ju,u), VuE Cfi°(A r ) 

and 

|Bj(u,u)| < C||u||i i2 ||u||i )2 , Vu,v € W 0 1 , 2 (A r ). 

Here and in what follows in this section we always assume that j is sufficiently large and 
C is a generic constant independent of r and j. 

Furthermore, we have 

Bj(u,u) > ^ ||Vu||| -C\\u \\ 2 ||Vu || 2 > ^ ||«||i , 2 

for all u € Wo’ 2 (A r ) and all r < £ 0 , where £0 is independent of j. 

We look for a smooth function Q satisfying 

( 1 ) d(j/dx = d(j/dy = 1 at 0 ; 

(2) Ljf'j and its derivatives of order < 2 vanish at 0 , i.e., 

(6.5) \LjCj] < Cr 3 and |V(^Cj)l < Cr 2 . 


Let 


Cj = x + y - 


6 i(°) 2 ^ 2 ( 0 ) 2 


-x — 


Clearly, we have Lj£j(0) = 0. Put 

Vi = Zj - 


1 3L& 


( 0 ) - 


3 1 < 9 Tj£j 3 


-(0 )y 3 . 


6 9i 6 dy 

It is easy to see that Ljijj and its derivatives of order one vanish at 0. Thus we may take 

0 = 


24 dx 2 
1 3%Vi 


12 dxdy 


24 dy 2 
(0 )(x 3 y + xy 3 ). 


By virtue of Theorem 16.21 we may find a solution uj € ITq’ 2 (A,.) of the equation 


Ljii — LjQ, 
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which is smooth, for Lj is elliptic and LjQj is smooth, and satisfies 

Ill'll 1,2 — 2|Bj (uj , Uj)\ = 21 (uj , LjCj)\ — 2||%||i,2 \\LjCjh, 


i.e, 

11 Uj 11 1,2 ^ v^H^jCjlb- 

By using dilatation z z/r, we infer from Sobolev’s inequality and Garding’s inequality 
(see e.g., Theorem 8.10) that 

sup \Diij\ < C'r^ 2 (||L J -{tj||i i 2 + ||«j||i,2) 

A r /4 

< Cr~ 2 \\LjQ\\i t 2 < Cr 

in view of (16.51) . Thus Uj := (j + iij gives a solution of the equation (16.4|) . whose differential 
at every point of A r / 4 does not vanish provided r < £o 1. The same is true for the 
corresponding isothermal parameter Wj. 

Finally, we will verify the convergence of {re,}. The argument is standard (see e.g., 1 30] . 
Theorem 7.5). Fix first r < £q. We have 

|| uj - «|| lj2 < V2\\- u )|| 2 < V2(\\LjCj - LC, || 2 + ||(^ - L)u\\ 2 ) ->• 0 

as j —> oo. It follows again from Sobolev’s inequality and Garding’s inequality that for each 
l € {0} U Z+, 

sup | D l [uj — «)| < const ;, r || Uj — «||iy i + 2 ’ 2 (A r/2 ) 

A r /4 

< const;, r (\\Lj(uj - U) ||;, 2 + || Uj ~ u\\ 2 ) 

< const;, r (||LjCj - ^Clk 2 + || (Lj - L)u\\i t 2 + \\uj - u || 2 ) 

where we use D l to denote any derivative of order l. Thus D l (uj — u ) converges uniformly 
to zero on A r/ / 4 . The same is true for Uj — u and Vj — v, hence for Wj — w. 


7. Local stability of the Bergman kernel 

Let 0 CC SI' CC M be two open sets. Let {ds?} be a sequence of Riemannian metrics 
on SI'. which converges uniformly on Si to a Riemannian metric ds 2 on SI' in the following 
sense: the tensor ds 2 — ds 2 and its covariant derivatives of all orders (with respect to ds 2 ) 
converge uniformly to zero on SI. By virtue of Proposition 16.11 we can choose a locally 
finite cover {U a } of SI' and holomorphic coordinates w^ (resp. w^) with respect to ds 2 
(resp. ds 2 ) on U a such that — w a and its covariant derivatives of all order (with respect 
to ds 2 ) converge uniformly to zero on SI. 

Let Ko.j (resp. I\d) denote the Bergman kernel of an open set D C SI', with respect to 
the complex structure {(U a , w^)} (resp. {(U a ,«/“))}). 

Proposition 7.1. For each e > 0 and each compact set E C SI, there exists an integer 
such that for all j > jo and z € E we have 

y/^lKaj(z) > Kw(z) - euj, Kq(z) > V^lK n >j(z) - ecu. 

Here co denotes the Kdhler form of ds 2 . 
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Proof. Fix zq € E for a moment. Let / be a holomorphic differential on the Riemann 
surface (f i',w) which satisfies 


/(-o) A f(z 0 ) = Kq'(z 0 ) 
By Cauchy’s estimates, we have 
(7.1) 

where 


■v/—T 


<Q' 


/ A / = 1. 


sup{|/| 2 , \df\ 2 } < const Qi o/ 

Q 

is given with respect to ds 2 . Since 


L 


/A/ 


= constn o/, 


or 

dwj 


df* dw df* dw 


vj dw dwj dw dwj 
where f* is a local representation of /, so we obtain 


(7.2) 


sup|<9j/| 2 < constn,Q' sup 


dw 


dwj 


df* dw 
dw dwj ’ 


= : constnyj/ Sj 


where dj denotes the Cauchy-Riemann operator for the Riemann surface (Qb wf). 

Since (JV, w) is a Stein manifold in view of the Behnke-Stein theorem, it admits a smooth 
strictly subharmonic function p. We claim that <p is also strictly subharmonic on (f i,Wj) 
provided j sufficiently large. To see this, simply note that 


d 2 p 

dwjdvjj 


dwdw dwn ) dw 


dw dwjdwj 


(7.3) 


/ d 2 p dw d 2 p dw \ dw dp d 2 w 
\ dw 2 dwj 
d 2 io 

d 2 p 
dwdw 


+ 


f d 2 p dw d 2 p dw \ dw dp d 2 w 


dwdw dwi dw 2 dwj 7 dw 


dw dwjdwj 


uniformly on Q as j—$■ oo. 

By Hormander’s L 2 — estimates for 8 (see e.g., 
8jU = djf on 12 such that 

^ f - — [ \djf\ 2 

Jq 


(7.4) 


Uj A Uje v < 


), there exists a smooth solution Uj of 


g.e *dVj < constn.n'.^ £j 


idj dj ip 


in view of (17.21) and (17.31) (note also that p is bounded on 17). Put fj = f — uj. We see 
that fj is a holomorphic differential on the Riemann surface (£l,Wj) such that 

Wfjh < Wfh + \\ u jh < 1 + const^,n> 

Now fix a positive number r = r(12,12') such that there is a holomorphic coordinate disc 
A r ( 2 :o) C (£l,Wj) for all sufficiently large j. Write uj = u*dwj on A r (zo). Let % be the 
cut-off function in the proof of Proposition 15.31 By the Cauchy integral formula, we have 

f <9(x(kilAo)«p/9% 


U*Azq) = 


2vr\/^T. 

1 

+ 


-dwj A dwj 


u*dx{\w j \/r 0 )/dw j 


Wj 


dwj A dwj 


x(\wj\/ro)du*j/dwj 


2vry=T , 


Wj 


dwj A dwj. 
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Thus 

in view of (17.21) . (17. 4 j) . Thus 


\uj(z o)| 2 < const 


fj{z o) A fj(z 0 ) 

ii m 


> y/^lKw(z 0 ) - consta : n/ )¥ , ffis]u, 


for \Kq,{zo)\ < constn.n'• The other inequality can be verified similarly. □ 

8. Proof of Theorem o 

Clearly the convergence (Mj. ds 2 , pj) —>• ( M,ds 2 ,p ) implies that 

(8.1) sup sup |V fc Rm(ds^)| < oo, Vr>0, V k € {0} U Z + 

j B r (pj ) 

where Rrn denotes the Riemannian curvature tensor and denotes any covariant deriva¬ 
tive of order k. 

For the sake of simplicity, we put B 2 = B r (pj) and B r = B r {p). Let E C M be a 
compact set with p £ E. Put Ej = 4>j(E). By virtue of (18.lj) . (15.71) . (15.81) and (15.91) . there 
exists a positive constant Rq such that for all R > Rq, 


( 8 . 2 ) 


sup 

z£:Ej 


K M Az)-K Rj {z) < C| log R\ 


-i 


R ds 2 . 


Here and in what follows in this section we always assume that j is sufficiently large , and 
C is a generic constant independent of j and R. 

Now fix an arbitrary number 0 < e < | log | 1 for a moment. Put R = e 1 ^. It is easy 
to see that 

Rr~i c n J R := tj 1 ^) C B r+ i. 

By (18.21) . we have 


(8.3) 


sup 

zeE 




«(*»?) 


< Ce. 


The point is that (j)* K Rl actually coincides with K^j the Bergman kernel of Q J R with 
respect to the complex structure induced by <; b*Ads?). Thus (18.31) yields 


(8.4) 


V—T(/>jK Mj (z) > V^AK n ^ d (z) — Ceuj, Mz € E 


Since 4>*j{ds 2 ) — > ds 2 uniformly on B R+ 2 in the sense of § 7, we have 

( z ) - ^~1 k b r+1 ,j 0) > V^K Br+2 (z) - eu 

(8.5) > V—1Km(z) — euj 

in view of Proposition 17.11 Thus 

V-t(t>*K Mj (2) > V^1I<m(z) -Ceuj, V z € E 
in view of (18.41) and (18.51) . It follows again from Proposition 17.II that 


EOJ. 


j( 2 ) ^ y /-i K B R _ 1 j{z) < V^T K Br _ 2 (z) + 

R 

Together with (18.3p . we obtain 

\/— Kmj (z) < V^1K Br _ 2 (z) + Ceuj. 
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A normal family argument shows 

h-B R - 2 ( z ) Km(z) 

uniformly on E as R —>• oo. Thus we have verified that d>* Kmj (z) —>• Km(z). The conver¬ 
gence of their covariant derivatives can be verified by using the Cauchy integral formula. 
We leave the details to the reader. 


9. Proof of Theorem 11.21 

Let E be a compact set in M which contains p and E\ := {z € M : dist(z,.E) < 1}. 
Let {hk} be a complete orthonormal basis of H(M). Let Km(z,w ) denote the off-diagonal 
Bergman kernel, i.e., 

I\ M ( z,w) = y ^h k (z) 0 h k (w). 

k 

We define \Km(z,w)\ as follows. Let ds 2 = Xdwdw (resp. pdzdz ) at w (resp. z). If we 
write Km(z, w) = K* M (z , w)dz <8> dw, then 

\ k m ( z > w )\ 2 


\K m (z,w)\ : = 


\{w)p(z) 


Pubini’s theorem yields 


I MxE i 


so that for any e > 0 , 


\K m (z,w)\ 2 = [ \I< M (w,w)\ 2 
J Ex 

\K M (z, w)\ 2 < e 


< oo, 


J{M\B R (p))xEx 

provided R sufficiently large. Applying the sub-mean-value inequality as the proof of Propo¬ 
sition 15.31 we obtain 

\K M (z,C )\ 2 


'C6 Ex 


\Km(z,vj)\ 2 < const, 
for all z € M and w E E, where the constant depends only on E. Thus 

\Km(z, w)\ 2 < const, e. 


Put 


i z€M\B R (p) 

h(z, w) = ^2 K( w ) h k(z) 


where ht is a local representation of h k at w. Then we have 


AH " 1 [ 

J zG 


| h(z, re) | 2 < const, e. 

/ z£M\B R (p) 

Now fix w € E and R for a moment. Clearly, we have Rj > 2 R for j 1. Let \ be the 
cut-off function in the proof of Proposition 15.31 and let p denote the distance from p on M. 
By the proofs of Propositions 15.3115.41 we may write 

x(p/Rj)H-,w ) = hj © uj, 

where hj E 'H(Mj) and Uj satisfies 

diij = dxip/Rj) A h(-,w) =: Vj 
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and 


M 2 < 


< 


'Mj Ai(Mj) J M 

Co 


7 j 


A i(Mj)R? J m \b i „,(p) 


\h(-,w)\ rz 


< const. A (w)e 

where Co is a universal constant. Again by the sub-mean-value inequality, 

\uj(w)\ 2 < const.A (w) e, 
i.e., \u*j(w)\ 2 < const.A (w) 2 e. Note that 

\\hj\\L 2 (Mj) < \\h('i w )\\L 2 (M) + 

< K* m (w,w) 1/2 + 0{yj\(iv)e). 


It follows that 


i.e., 


K * Mj K w ) > 

\K m Aw,w)\ > 


K* m {w , w) 2 - Q(A(w) 2 g) 
w )V 2 + 0(y/X(w) e)) 2 ’ 

|A0vf(u>,u;)| 2 - 0(e) 


> |/v M (w, w)l - O^)- 


On the other side, we have 

| K Mj (w,w)\ < \K Br ^ p) (w,w)\ -a- |AT m (w,w)| 
as j —>• oo. The proof is complete. 


10. Concluding remarks 


1. In general, the Cheeger-Gromov convergence does not imply the convergence of the 
Bergman kernel. 

Proposition 10.1. Let {( Mj,ds 2 )} be a sequence of compact Riemannian surfaces which 
converges to a complete Riemannian surface ( M , ds 2 ) such that 

(1) dim 'H(M) = oo, 

(2) Kmj —> Km in the sense of Theorem \77J\ 

Then the genus gj of Mj tends to infinity as j —>• oo. 

Proof. Take first a complete orthonormal basis hj t \, • • • , hj^ j of T-L(Mj). Note that 

9j _ 

K Mj (z ) = ^2 A h jjk (z). 

Thus 



9 j = dim c ( H ( Mj )) 


2 


K Mj (z) 
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where 0,- and fL are given as Definition 1.1. Since Km —>• Km locally uniformly on M, 


so we have 


v^T 


lim inf g~ > 
j—¥o o 2 


[ K m (z) 
Je 


for any compact set E C M. It follows immediately that 

v^T 


lim inf g 3 > —2 f K M (z ) = oo. 
j-> °° 2 Jm 


□ 


Example. Let M be a semi-sphere in the sphere S 2 Cl 3 , which is conformally equivalent 
to the Poincare disc (A ,ds 2 ) by Riemann’s mapping theorem. Let {fh,} be a sequence of 
precompact open subsets exhausting M. Let Mj = ( S 2 ,ds 2 ) where ds 2 is a Riemannian 
metric with ds 2 - = ds 2 on f ij. Thus ( Mj,ds 2 ) —> ( M,ds 2 ), whereas Km 3 Km- 

2. The case of convergent hyperbolic surfaces is of independent interest. Let us recall 
the following 

Definition 10.1 (cf. [38]). A sequence {D,-} of closed subgroups of a Lie group converges 
geometrically to a group T if 

(1) each 7 € T is the limit of a sequence { 7 3 }, with jj € Tj, 

(2) the limit of every convergent sequence {7 3k }, with 7 j k € Tj k is inT. 

It is known that if a sequence {Tj} of torsion-free Fuchsian groups converges geometrically 
to a non-elementary Fuchsian group T, then D/Tj —>• D/F in the sense of Cheeger-Gromov, 
where B denotes the unit disc (see e.g., [33] . Theorem 7.6). Thus by Theorem 1 1.1 1 and (13.61) . 
we immediate get the following 

Proposition 10.2. Let {Tj} be a sequence of torsion-free Fuchsian groups converges ge¬ 
ometrically to a non-elementary Fuchsian group F and satisfies sup^ <5(r.,) < 1. Then 

Kn/Fj —>■ K 0 / r - 

3. Following [ 6 ], we may construct a family {Mt\ of compact Riemannian surfaces with 
A] (Mf) > const. > 0 in the following way: 

Let M be a hyperbolic Riemannian surface with 2 n cusps {Ci}. Let Mt be the surface 
formed from M by first replacing the punctures w.r.t. Ci with geodesics of length t and 
then gluing the geodesic w.r.t. C^-i with the geodesic w.r.t. C^i- One may perturb 
the hyperbolic metric on M slightly to obtain a new Riemannian metric on Mt, so that 
Mt —>• M in the sense of Cheeger-Gromov, and Ai {Mf) > const. > 0 as t —>• 0. 

Another interesting way is to consider a family of non-singular connected levels Mf = 
/ - 1 (f), t € M, of a polynomial / on the Euclidean sphere S 3 , when Mt approaches the 
singular surface M s (w.r.t. the Euclidean metric) as t —» s. It is known that if M s is 
irreducible and dim Vi, = dim V) then Ai (M t ) > const. > 0 as t —>• s (see Gromov [22], p. 
252). 

4. A conic degenerating family {Mt} of compact Riemannian surfaces has L^ALt) > 
const. > 0 and \M t \ < const., provide that the pinching geodesic is nonseparating (see [ 25] . 
Corollary 2.9 and the proof of Proposition 2.6). It follows that 

l 2 (M t )\M t \~ 1 / 2 > const. > 0 . 

Effective convergence the Bergman kernel and related invariants for some special degener¬ 
ating analytic families of compact Riemannian surfaces was established in [13] , [25] . 
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5. Let Moo be a complete Riemannian manifold such that there exists a nested sequence 
of torsion-free discrete groups of isometries 


Id D r 2 D • • • D Tj D ■ ■ ■ D nrd = {id}. 

Let Mj = Mqo/Tj be endowed with the metric induced by the complete metric on M 0Q . 
Then Mj —>• M 0Q in the sense of Cheeger-Gromov (we may choose cj>j = 717 |x>. where ttj : 
Mqo —> Mj is the covering map and T>j is suitable fundamental region). After the seminal 
work of Kazhdan (see [28], [29]), stability properties of the Bergman kernel when all Mj are 
complex manifolds were studied extensively (cf. [35], [15], [42], |3l], [11], ]33])- In particular, 
Rhodes [35] proved Kmj —>• Km for Riemannian surfaces satisfying X\(Mj) > const. > 0, 
whereas Ohsawa [34] gave a counterexample for general case. 

6 . Below we provide a sequence of compact Riemannian surfaces which satisfies the 
conditions of Theorem m whereas Theorem o does not apply. Let us start from a 
compact Riemann surface Mo with genus > 2. Let M be a regular covering of Mo whose 
deck transformation group T is isomorphic with Z. For instance, we may choose M to be a 
Schottkyan type covering of Mq by first taking a ring cut 7 of Mq then connecting infinitely 
many copies of Mo\q along the opposite shores of 7 (see e.g. [50], Chapter X, § 14). 

Put r = {g k : k € Z}. Let Mj be a compact Riemannian surface obtained by adding a 
spherical cap C to each end of the set 

|J g k (M 0 \ 7 ). 

{k£Z:\k\<j} 

We may introduce a Riemannian metric on Mj by patching up together the metric on 
M and the Euclidean metric on the spherical cap. Clearly there exists Rj ~ j such that 
Brj ( p ) C Mj for some fixed point p £ M. Since M has bounded geometry, so we have the 
following isoperimetric inequality 

( 10 . 1 ) \dQ\ > const, min {l, 

(see m, Theorem 7.7). We claim that 

( 10 . 2 ) Ioo(Mj) > const, j -1 . 


To see this, let S be a smooth hypersurface that divides Mj into two disjoint open subsets 
fii,n 2 . According to Yau [41] , it suffices to consider the case when both and 122 are 
connected. Suppose |12i| < \Mj\/2. If 12i C M, we infer from (110.111 that 


|<9fR 

w 


> const.|12i| 1 > const.|Mj| 1 


> const, j 


when 112i | > 1, and 


(10.3) 


|<9L2i 

w 


> const. 


when 112i| < 1. If Hi is contained in a spherical cap slightly larger than C, then we still 
have (110.31) in view of the classical isoperimetric inequality in M 2 . In the remaining case, 
we put 12} = 12i n M and 12} = 12 1 \ 12}. Then we have 


|<912 1 1 > const. max{912}, dQ"}, 


so that 


|<912i 

w 


> const, min 


|aJ2}| 1312}| } 

m ’ i«5fi; 


> const, j 
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Thus we have verified (110.21) . Finally, Cheeger’s inequality yields 

Xi(Mj) > const. j~ 2 w RJ 2 - 

The same argument probably works when M is a Z m covering of Mq for arbitrary m E Z + . 
7. We end this section by proposing the following 

Problem 2. Let {fj} be a sequence of smooth functions in M 3 which converges locally 
uniformly to a smooth function f. Suppose Mj := {fj = 0} and M := {/ = 0} are non¬ 
singular. With respect to the complex structure induced by the Euclidean metric, when does 
Kmj converge to I\m in some sense? 
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